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ABSTRACT. This paper presents a numerical model of mineral-
water isotope exchange via Ostwald ripening. The model assumes that
isotope exchange occurs solely as a result of mineral dissolution/
reprecipitation reactions driven by solubility differences as a function
of grain size. For a given initial grain size distribution and dissolution/

recipitation rate law, the model computes the grain size distribution

nction n(r, t) and also the percent isotope exchange F as a function of
time. Because reprecipitated material i1s assumed to be in isotopic
equilibrium with the fluid, F is computed as the percent of the solid
which has been dissolved and reprecipitated at least once up to time t.
The numerical model produces grain size distributions consistent with
available steady-state analytical solutions and can also be used to model
non-steady-state behavior of the grain population.

The variation in F with time computed by the model is similar to
that predicted with a first-order rate law. However, first- or pseudo-first-
order models do not provide a physically meaningful description of
mineral-water isotope exchange via Ostwald ripening, and, as a result,
they cannot be used to model the effect of changes in grain size or other
parameters on exchange reactions controlled by ripening.

Simulations conducted with the numerical model of Ostwald ripen-
ing over a range of miperal surface areas indicate that the isotope
exchange rate is an exponential function of surface area. This is in
contrast to the pseudo-first-order rate expressions developed to model
mineral-water isotope exchange, which imply a linear dependence of
the exchange rate on surface area. Model simulations of exchange
which occurs when an experimental charge is heated from room tem-

erature to the nominal.run temperature indicate that disequilibrium
inherited from the temperature run-up is a more serious potential
problem than is exchange during quench. This is due to the increase in
grain size and the corresponding decrease in reaction rate, which
accompany exchange reactions occurring via Ostwald ripening. The
Ostwald model also provides a theoretical basis for relating rates of
mineral dissolution/reprecipitation to measured mineral-water isotope
exchange rates. This is illustrated by use of data from Matsuhisa,
Goldsmith, and Clayton (1978) on quartz-water 130 exchange to extract
a rate constant for quartz dissolution based on the rate equation pre-
sented by Dove and Crerar (1990).

INTRODUCTION
Mineral-fluid isotope exchange experiments commonly involve reac-
tion of fine-grained mineral powders with aqueous solutions. In many of
these experiments the exchange reaction is accompanied by an increase
in grain size (Chai, 1974; Matsuhisa, Goldsmith, and Clayton, 1978;
Matthews, Goldsmith, and Clayton, 1983; Stoffregen, Rye, and Wasser-
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man, 1994b), which implies a corresponding decrease in total mineral
surface area. However, most efforts to describe the rates of these reac-
tions are based on pseudo-first-order equations in which the mineral
surface area is assumed constant (Cole, Ohmoto, and Lasaga, 1983; Cole
and Ohmoto, 1986) or is not considered (Criss, Gregory, and Taylor,
1987). Such equations cannot be used to model the observed changes in
grain size during these reactions or to assess the influence of the observed
decrease in mineral surface areas on reaction rates.

In this communication, a numerical model of mineral-fluid isotope
exchange is presented which deals explicitly with the changes in grain
size that can accompany exchange. This model assumes that the grain
size distribution is controlled by “Ostwald ripening,” which refers to an
increase in average grain size and a decrease in the number of grains with
time due to a net transfer of material from fine to coarse grains via
dissolution/reprecipitation. For a given initial grain size distribution, the
model computes both the grain size distribution and the percent isotope
exchange (F) as a function of time. The term F is computed as the
percentage of the solid that has been dissolved and reprecipitated at least
once during the experiment, based on the assumption that material
precipitates in isotopic equilibrium with the aqueous phase. The model
does not consider isotope exchange via solid state diffusion and is
therefore not applicable to exchange reactions in which solid state
diffusion is a significant process.

In addition to an initial grain size distribution function, the numeri-
cal model requires input information on mineral-fluid interfacial ener-
gies and dissolution/precipitation rates. Because knowledge of these
parameters at elevated temperatures is limited, even for common phases
such as quartz, the model cannot be readily applied at the present time to
actual experimental data. It nevertheless provides insights about the
dissolution/reprecipitation mechanism and about the limitations of apply-
ing first- or pseudo-first-order rate expressions to describe it.

PREVIOUS WORK

Ostwald ripening is the process by which the average grain size of a
population of grains inereases over time due to the dissolution of material
from finer grains and the reprecipitation of material onto coarser grains.
The driving force for this process is the differences in solubility that occur
as a function of grain size. This results from the higher surface energy of
the smaller grains. The relationship between grain size and solubility is
given by the Gibbs-Kelvin equation:

r* = 20V,/(RTIn (K/K,y)), )

where K is the activity product of the mineral in solution, K., is the
equilibrium constant for a large grain of the mineral, ¢ is the mineral-
fluid interfacial free energy (Joules/m?), V,, the molar volume (m*/mole),
and r* (m) the radius of a mineral grain in equilibrium with a fluid with
an activity product of K. This radius is referred to as the “critical” radius.
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Fig. 1. Plot of the normalized equilibfium constant as a function of grain radius for
spherical grains of goethite (gt), (i(uartz (qtz), and calcite (cc) calculated for a temperature of
25°C. The equilibrium constant K for a grain of radius r is normalized by K*, which is the
equilibrium constant for a 10 micron grain of each mineral. The mineral-water interfacial
free energies used to calculate these curves are 1.6 Joules/m? for goethite, 0.36 Joules/m?
for quartz, and 0.097 Joules/m? for calcite.

t

For simplicity, most theoretical treatments of Ostwald ripening assume
that the solid phase is a monomer that dissolves and precipitates via a
reaction of the form Aggiay = Ag. If the activity coeflicient for Ay is
assumed to be unity, eq (1) may be written using C and C, the
concentration of the monomer in the aqueous phase and its equilibrium
concentration for a large grain, in place of K and K.

The variation in In K/K*, where K* is the equilibrium constant for a
10 micron grain, with grain radius is shown in figure 1 for goethite,
quartz, and calcite. This figure illustrates that above a radius of 10
microns, grain size has minimal influence on solubility even for minerals
such as goethite with relatively high mineral-water interfacial free ener-
gies. This means that Ostwald ripening will be most important where the
minimum grain size is less than one micron and will probably be insignifi-
cant when the minimum grain size much exceeds ten microns.

The effect of Ostwald ripening on grain size distribution has been
considered by a number of previous workers. The theoretical treatments
of Lifshitz and Slyozov (1961) and Wagner (1961) provide the basis for all
more recent studies, including Chai (1974 and ms), Baronnet (1982),
Marqusee and Ross (1983), Morse and Casey (1988), and Steefel and van
Cappellen (1990). These treatments start with a continuous grain size
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Fig. 2. Illustration of the grain size distribution function n(r, t). The Ostwald model
approximates this distribution as a series of discrete values of r, as illustrated on the figure
by interval rj, for which n is equal to n;.

distribution n (fig. 2) which is a function of grain radius r and time t. Note
that to simplify the analysis, all grains are generally assumed to be
spherical.

The rate of change of n with respect to time is given by the
expression

an/at (r, t) = —a/dr (V[r, C(t)]n(r, t)) (2)

(Marqusee and Ross, 1983) where V is the linear growth or dissolution
rate in units of length/time. V is a function of the degree of supersatura-
tion or undersaturation, which varies as a function of r according to eq
(1). The parameter C(t) is the concentration of the monomer in the
aqueous phase and has units of mass/volume in the treatment of Mar-
qusee and Ross (1983). In this paper C is given in mg/l. As noted by
Steefel and van Cappellen (1990), eq (2) is analogous to an advective
transport process in which grains are transported in and out of different
size ranges, with the rate of “transport” being the crystal growth or
dissolution rate.

Steady-state analytical solutions of eq (2) have been obtained for the
grain size distribution function normalized by the critical radius (Lifshitz
and Slyozov 1961; Chai, ms; Marqusee and Ross, 1983). The form of
these solutions depends on the assumed rate law but is independent of
the initial grain size distribution. The steady-state solutions provide a
convenient check of the numerical results presented below. However,
they do not provide information about how rapidly the steady state is
obtained for a given initial grain size distribution. Chai (1974 and ms)
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also developed a method for calculating the “net fractional mass trans-
fer,” which is equivalent to the term F as used in this paper, for Ostwald
ripening of a population of calcite grains. His approach was based on
steady-state ripening, and therefore cannot be applied in cases where
substantial exchange occurs during non-steady-state ripening, such as
those described below.

Numerical methods have also been used to a limited extent to study
the Ostwald ripening process. Steefel and Van Cappellen (1990) devel-
oped an expression that incorporated a “pseudo-growth rate” to model
Ostwald ripening in conjunction with nucleation and fluid-rock reaction.
However, their model does not address the issue of net mass transfer
which accompanies the ripening process.

DISCUSSION OF THE MODEL

In the numerical simulation of Ostwald Ripening described in this
paper, the value of n as a function of r and t is determined by the equation

An, = —[(An,/Ar)V + (AV/Ar)n]At. (3)

This is a finite difference form of eq (2), where the terms An, and An,
refer to the finite differences of n with respect to time (t) and radius (r)
respectively. A continuous initial grain size distribution is input into the
simulation program, along with the grain size interval (Ar) to be used in
eq (3) and the total range in grain size over which the simulation should
be conducted. The program also requires input of a dissolution/
precipitation rate law.

Prior to solving eq (3) for a given time increment, it is necessary to
compute V for each grain size interval included in the simulation. This is
done by first computing the saturation state of each size interval using eq
(1). Next, V is computed for each size interval using the rate law selected
for the simulation. ]

The Ostwald program includes rate laws for both surface controlled
and diffusion controlled growth. The rate equation for surface controlled
growth, in which the transport of material across the mineral surface is
rate-limiting, is

V=K' (C— Cy) (4A)

(Marqusee and Ross, 1983). C and C,, in this equation are the bulk fluid
concentration and the equilibrium concentration (in units of mg/1) for a
grain of radius r, and k' is the linear growth rate constant in units of
m/(sec - (mg/1)). For a reaction controlled by volume diffusion through
the fluid phase, the governing equation is

" V= (DVy/1)C - Cg) (4B)

where D is the aqueous diffusion coefficient (generally given in cm?/sec),
V, the molar volume of the mineral, and C and C, are as in eq (4A)
except that they are expressed in moles/] (Nielsen, 1964). Note that eqs
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(4A) and (4B) govern both dissolution and precipitation, with the direc-
tion of the reaction depending on whether the right side of the equation
is positive or negative.

A third rate equation included in the Ostwald program is based on
the expression

R = sgn (Ak|OQ™ — 1|), (4C)

where A is the mineral surface area (m?), k is a rate constant in moles/
sec - m?, ) is the degree of supersaturation or undersaturation for a grain
of radius r and is dimensionless, and m and n are adjustable parameters.
The vertical bars refer to the absolute value of the quantity, and the term
sgn gives the sign of the expression, which is positive when ) is greater
than one and negative when (} is less than one (Steefel and Lichtner,
1994). Note that the rate R given by eq (4C) is in moles/sec. This
equation, or a variant in which the surface area is normalized by the rock
volume and has units of length?/length?, is commonly used to describe
mineral dissolution and precipitation data (Steefel and van Cappellen,
1990). However, it has not been considered in any of the previous work
on analytical solutions for the Ostwald ripening equation.

To be used in eq (3), the amount of mineral growth or dissolution
must be expressed as a linear growth rate in terms of the grain radius r.
With the assumption of spherical grains used in the simulation, the rate
of change in moles may be converted directly to a rate of change in grain
radius. For a spherical grain equation (4C) may be written as:

(4/(3V,)) dr3/dt = (2/3)r? sgn (k| Q™ — 1|"), (5)

where r is the grain radius. Using the relation dr®/dr = 3r2, this may be
rearranged to give

dr/dt = V,sgn (k|Q™ — 1|")/6. (6)

The term dr/dt is equal to the linear growth rate V as defined in eq (2).
This equation can be used to convert the rate expressed in moles in
reaction (4C) to a rate in terms of radius.

After the rate V has been computed for each grain interval using
either eq (4A), (4B) or (4C), the numerical simulation computes the
change in n for each grain size interval over the selected time step. This is
done explicitly using eq (3). The program then computes the new fluid
composition and proceeds to the next time step.

The program computes the percent isotope exchange F based on the
assumption that material which reprecipitates during Ostwald ripening
is in isotopic equilibrium with the fluid. This assumption has been used
by Matthews, Goldsmith, and Clayton (1983) to interpret quartz-water
isotope exchange experiments, and by Chai (1974 and ms) to interpret
calcite-water isotope exchange experiments. It is also supported by
coupled isotope and alkali exchange experiments between alunite and
water described by Stoffregen, Rye, and Wasserman (1994a). In these
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experiments, the observed values of F for hydrogen isotope exchange
and for oxygen isotope exchange on the alunite sulfate and hydroxy! sites
were all nearly the same as the observed percent of alkali exchange. This
percent exchange is interpreted to equal the percent of the total solid
dissolved and reprecipitated at least once.

In order to simplify modeling of the exchange process, it is assumed
in the model discussed below that the isotopic composition of the fluid
phase remains constant. As a corollary of this, the isotopic composition of
the reprecipitated solid phase also remains constant since it forms in
equilibrium with the fluid.

To compute F, it is necessary to know how much of each grain is
composed of material that has not yet been dissolved. This undissolved
material is subsequently referred to as “core” material, whereas material
dissolved and reprecipitated at least once is called “rim” material. To
monitor the amount of core material in all remaining grains, the initial
grain population is subdivided into a series of radius increments Ar*. For
each time step, the change in the radius of each grain increment is
calculated based on the rate equation selected for the simulation, and the
new radius (referred to as r') of thé interval is computed and stored. The
radius intervals used for this purpose are denoted Ar* because they are
not the same as those used in the computation of n. This is because they
need only cover the initial range of grain size, whereas the intervals used
in the computation of n must extend to the maximum value of grain size
which will occur during the length of the simulation.

When the total time*elapsed in the simulation reaches the time t for
which a value of F is to be calculated, the program compares r’ of each
grain size interval with the radius of that interval at the start of the
simulation. As illustrated in figure 3, there are three possible cases: the
grain interval may have dissolved completely, it may be made up of
grains composed only of core material, or it may be made up of grains
with both core and rim rhaterial. The amount of core material in each of
the grain size intervals in the distribution function n computed at time tis
then read off this type of graph, and the total amount of core material is
computed based on the number of grains in each grain size interval. This
amount is divided by the total mass of solid at time t, which gives the
quantity 1-F from which F can be calculated directly.

Initial grain intervals that have dissolved completely no longer need
to be monitored. The program therefore adjusts the lower limit of the
range of grain sizes upward each time one of the grain increments Ar*
disappears. Since the upper limit of this range does not change, the
interval Ar* decreases throughout the simulation. When this adjustment
in Ar* is made, the values of r’ for each interval must also be adjusted.
This is done using the equation

Cinew = [T " (i = 1) + Ty (0= D= (A= 1)) —1) (7)
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Fig. 3. Comparison of'initial radius values (r) versus computed values at time t (r’). The
thinner line on the plot represents the line r = r'. Three regions are defined: grains with an
initial radius smaller than r; have completely dissolved; grains with an initial radius between
r; and ry contain only “core” material; and grains with an initial radius greater than ry
contain both core and “rim” material. A plot of this type is used in conjunction with the
grain size distribution function at time t to compute F, the percent isotope exchange.
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Fig. 4. Illustration of how Ar* and r’ are altered when one of the grain increments Ar*
disapé)ears. The histogram in the dashed lines shows Ar* increments at the end of the time
step during which the Ar* interval from 0 to 1 has completely dissolved. The solid lines
show the new Ar* intervals and corresponding r’ values. The maximum and minimum
values of Ar* and r’ are identical to the initial values and are not shown separately.



916 Roger Stoffregen—Numerical simulation of

where the old subscript refers to values of r’ for the unadjusted values of
Ar*, These shifts in the values of r’ and Ar* are illustrated in figure 4.

RESULTS
Model results for Ostwald Ripening of an initially Gaussian distribu-
tion of grains with a mean grain size of 1.0 X 1077 m are shown in figure
5. The input parameters used in this simulation are listed in table 1. Eq
(4A) above, which is one of the rate expressions for which a steady-state
analytical solution of the grain distribution function produced by Ost-
wald ripening is available, was used in this simulation.

TasLE 1
Parameters used in simulations shown in figures 5 through 9

V, 0.32 x 10~ m3/mole

Ceq 2.5 mg/]

c - 0.350 Joules/m?
Temperature (°C) . 250

rate law 4 V =k'(C — Ceq)

k’ : 2.0 x 10~ m/(sec - mg/1)

initial distribution function normal, w = 1 X 10~"m
std. dev. = 7.5 X 107 m

Figure 5 illustrates that the computed grain distribution spreads out
over time, with the average grain size increasing, and the total number of
grains decreasing. The figure also illustrates that although Ostwald
ripening leads to the formation of coarser grains over time, it does not
eliminate fine grains from the distribution. This is because there are
always some grains in the distribution which are decreasing in size, and
these grains must necessarily pass through smaller and smaller r intervals
until they disappear entirely.

In figure 6, the distributions from figure 5 are plotted as a function
of the grain radius normalized by the critical radius at time t. Values ofn
in this figure are also normalized by the maximum value of n at each
time. The curves appear to be moving asymptotically toward a distribu-
tion with a maximum value for r/critical r of about 1.8 and a slightly
asymmetrical shape. In figure 7, the calculated distribution function at
t = 2.0 X 10° sec (2.3 d) is compared with the steady-state analytical
solution obtained for rate eq (4A) from Marqusee and Ross (1983), with
which it is in good agreement.

The volume of each interval in the grain distribution which is
composed of core (unexchanged) material at time t = 2.3 d is shown in
figure 8. This figure illustrates that the smallest grains in the distribution
have undergone no exchange, because any rim material they may have
acquired over some previous interval has been removed as they dissolve.
In contrast, the coarsest grains are composed predominantly of rim
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Fig. 5. Results of the numerical simulation for the conditions given in table 1. The
unlabeled curve is the initial Gaussian distribution; curve (a) is for t = 0.5 X 10° sec (0.58d),
(b) is for 1.0 x 10° sec and (c) is for 2.0 x 10 sec.

material and are therefore highly exchanged. This counterintuitive re-
sult is in contrast to the expected trend for other reaction mechanisms
such as solid state diffusion, in which the largest amount of exchange is
expected to occur in the’smallest grains in the population.

The computed variation in the percent isotope exchange F with time
is shown in figure 9, along with the predicted value based on a simple
first-order equation. Note that the value of F obtained from the Ostwald
model is similar to that predicted by a first-order rate law.

COMPARISON OF THE OSTWALD MODEL WITH OTHER MINERAL-WATER 1SOTOPE
EXCHANGE MODELS

In this section, the Ostwald model is compared with other expres-
sions that have been used to interpret rates of mineral-water isotope
exchange via dissolution/reprecipitation, including the partial equilib-
rium method (Northrop and Clayton, 1966) and the pseudo-first-order
equations derived by Cole, Ohmoto, and Lasaga (1983) and Criss, Greg-
ory, and Taylor (1987).



