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SCALING PROPERTIES OF TIME-SPACE KINETIC MASS
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Mineralogisch-petrographisches Institut, Universitit Bern,
Baltzer-Strasse 1, CH-3012 Bern, Switzerland

ABSTRACT. Scaling properties of kinetic mass conservation equa-
tions are presented, and their implications investigated for advective
and diffusive transport in an isothermal system in a single spatial
dimension. It is demonstrated that for a system undergoing pure
advection, scaling the kinetic rate constants by a common factor,
thereby preserving their ratios, is equivalent to scaling the time and
sgace coordinates of the original solution. Diffusive transport requires
that the diffusion coefficient must also be scaled by the reciprocal
factor. These results have far reaching consequences on the possible
form of solutions of the kinetic mass transport equations. It follows that
the local equilibrium solution, corresponding to the limit as the kinetic
rate constants approach infinity, can be extracted from a solution
belonging to finite rate constants merely by scaling the time and space
coordinates of the kinetic solution. Furthermore the velocities of bound-
aries of mineral reaction zones must approach their local equilibrium
counterparts with increasing time. As a practical consequence, numeri-
cal solutions to differential equations representing fluid transport and
kinetic reactions of minerals can be validated against solutions to
algebraic equations representing conditions of local equilibrium for
pure advective transport. Such a test is especially important when
attempting to predict the consequences of dprocesses evolving over
geologic time spans. The theory is illustrated for a single component
system for which an analytical solution exists. A numerical example of
weathering is presented for which kinetic and local equilibrium solu-
tions are compared. Finally it is suggested that the recent controversy
regarding the discrepancy between laboratory and field derived kinetic
rate constants may be a consequence of neglect of the affinity factor in
the expression for the reaction rate when applied to field observations.
This error can lead to field rate constants that are too small by several
orders of magnitude.

* Present address: Southwest Research Institute, Center for Nuclear Waste Regulatory
Analyses; 6220 Culebra Road, San Antonio, Texas 78228-0510.
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LIST OF SYMBOLS

designation for the ith reversibly reacting aqueous
complex.

designation for the jth primary species.

affinity of the mth mineral.

threshold affinity for the onset of precipitation of the
mth mineral.

general scale factor applied to the space coordinate.
general scale factor applied to the time coordinate.
equilibrium concentration.

concentration of the ith reversibly reacting aqueous
complex.

concentration of the jth primary species.

concentration evaluated at the reaction front I(t).
concentration on the downstream and upstream sides
of the reaction front for the single component system.
solute concentration in the single component system.
inlet concentration in the single component system.
initial concentration in the single component system.
diffusion coefficient.

complementary error function.

notation for a’ general function of time and space
coordinates.

scaled function f.

general designation for a field variable representing
solutesconcentration or mineral volume fraction.

net reaction rate of the mth mineral.

equilibrium constant corresponding to the overall
reaction of the mth mineral.

kinetic rate constant associated with the overall
reaction of the mth mineral.

kinetic rate constant in the single component system.
collective set of kinetic rate constants {k;; . . . ; Ky
distribution coeflicient between solid and aqueous
phases. .
reaction front position.

reaction front corresponding to the mth mineral (for
the ith zone boundary).

designation for the mth mineral.

number of reacting minerals.

number of primary species.

number of moles of the mth mineral in a closed system.
ion activity product corresponding to the mth mineral.
inverse length characterizing the distance for the
solute concentration to reach equilibrium.

gas constant.
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surface area of the mth mineral per unit volume of bulk
rock.

solid surface area per unit volume of bulk rock in the
single component system:.

temperature field at position x and time t.

time.

scale time.

Darcy fluid velocity.

molar volume of the mth mineral.

average fluid velocity.

velocity of the Ith reaction front.

reaction front velocity of the mth mineral (at the ith
zone boundary).

factor in the expression for the equilibration length q
for combined advection-diffusion.

spatial coordinate.

scaled spatial coordinate.

aqueous activity coeflicients for the jth primary species
and ith complex.

similarity variable for pure diffusive transport.
similarity variable for pure diffusive transport for the
mth mineral at the ith zone boundary.

Heaviside function.

characteristic diffusion length.

stoichiometric reaction matrix for reversibly reacting
aqueous complexes.

stoichiometric reaction matrix for mineral reactions.
coefficient varying between zero and one.

scaling parameter.

time for mineral to dissolve completely at inlet.
porosity.

volume fraction of the mth mineral.

initial volume fraction of the mth mineral.

solid phase volume fraction in the single component
system.

initial- solid phase volume fraction in the single
component system.

quantity in the reaction front velocity in the single
component system.

generalized concentration of the jth primary species in
a multicomponent system.

generalized inlet concentration of the jth primary
species.

generalized flux of the jth primary species in a
multicomponent system.

scaled generalized flux.

designation for a local equilibrium quantity.
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INTRODUCTION

A quantitative time-space description of transport of solute species
and their chemical interaction with minerals has the potential of provid-
ing a powerful new tool for analyzing many diverse geochemical pro-
cesses. With the help of the quasi-stationary state approximation it is now
possible to carry out numerical calculations of complex geochemical
systems evolving over geologic time spans (Lichtner, 1988; Balashov and
Lebedeva, 1991; Lichtner, 1991; Lichtner and Biino, 1992; Lichtner and
Waber, 1992). However a quantitative description of natural systems
often involves many uncertainties associated with initial and boundary
conditions, heterogeneities in the flow system, and uncertainties in
describing mineral reaction rates. The reaction mechanism of mineral
reactions may range from surface to transport controlled depending on
the magnitude of the rate constant and the rate of solute transport. As a
consequence the reaction rate may be influenced by the geometry of the
system resulting from the existence of boundary layers surrounding
mineral grains in systems involving a flowing fluid (Murphy, Oelkers,
and Lichtner, 1989). Uncertainties arise in incorporating nucleation
kinetics and in the lack of a complete understanding of the reaction
mechanism and form of the rate law (Steefel and Van Cappellen, 1990).
Kinetic rate laws and their associated rate constants are known for only
very few minerals for both dissolution and precipitation. An added
difficulty in describing mineral reactions is quantifying mineral surface
areas and its change with reaction. For example, the surface area of a
dissolving mineral may either increase with reaction progress as a result
of etch pit formation or decrease as mineral grains dissolve completely.
Since the reaction rate is proportional to the surface area, the uncertainty
in surface area can lead to substantial uncertainty in predicting the rate of
reaction.

This contribution demonstrates that the effects of these uncertainties
on solutions to kinetic mass transport equations may not be as significant
as previously thought, .especially for geochemical processes involving
sufliciently long time spans. This is a consequence of the scaling proper-
ties of solutions to the kinetic mass transport equations. Scaling the
kinetic rate constants by a common factor, which preserves their ratios, is
equivalent to scaling the time and space coordinates of the original
solution and the diffusion coeflicient by the reciprocal factor. This result
has far reaching consequences on the possible form of solutions to the
kinetic transport equations. Because scaling the time and space coordi-
nates merely stretches or shrinks the spatial profile of the solute concen-
tration or mineral volume fraction without altering its magnitude, the
reaction zone sequence and relative maxima and minima are preserved.
As the scale factor approaches infinity, it follows that a kinetic solution to
the transport equations must yield the same relative maxima and minima
for the concentrations of solute species and mineral volume fractions as
the corresponding local equilibrium solution. It further follows from the
scaling relations that the velocities of propagation of the boundaries of
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mineral alteration zones, or reaction fronts, become equal to their local
equilibrium counterparts with increasing time under very general circum-
stances. This result was obtained previously by different methods (Ortol-
eva and others, 1986; Lichtner, 1988, 1991). Finally, solutions to kinetic
transport equations belonging to different relative rate constants must
scale to the identical local equilibrium solution provided it is unique.

The scaling properties of the kinetic transport equations do not
depend on specific models used to describe, for example, the change in
surface area or permeability with mineral reaction, provided these rela-
tions are scale independent. In this sense the scaling properties are
model independent. This observation has important consequences for
quantitatively describing mass transport processes in natural systems
characterized by large inherent uncertainties.

SCALING PROPERTIES OF KINETIC MASS TRANSPORT EQUATIONS

Scaling relations may place severe restrictions on the time-space
behavior of quantities defined through solutions to a system of partial
differential equations. Although investigating the properties of solutions
to differential equations by scaling the independent variables is a well
know technique, it does not appear to have been applied previously to
mass transport problems involving mineral precipitation-dissolution re-
actions. These equations are complicated by the presence of moving
boundaries delineating different reaction zones.

Scale Transformation
An example of a scale transformation applied to a function of a single
variable is illustrated in figure 1. Scaling the x-coordinate by the constant
factor o leads to the scaled function f;, defined by

f,(x) = flo~'x), (1)

and therefore the point ¢~! x is transformed to the point x preserving the
value of the function f. As is apparent from the figure, the function is
stretched or shrunk depending on the size of ¢. Shrinking takes place if
o < 1, and stretching if o > 1. Characteristic features of the function f(x)
such as discontinuities, relative minima, maxima, and inflection points
are all preserved in the scaled function f,. Thus, for example, at a relative
maximum or minimum Xg, the first derivative of the function f(x) van-
ishes according to the equation

df
o %0 = 0. @)

For the scaled function {; it follows that

df, 1 df
ax (oxp) = 0~ dx (x0) =0, (3)

-



262

P. C. Lichtner—Scaling properties of time-space
12+ 6=0.1

c=1

c=2
1.0t

PLES

0.8 1

~

fix/ o)

0.6 1

0.4 1

0.2t

‘DISTANCE
shown for f(ox) with e = 0.1, 0.5, 1, and 2.

Fig. 1. Scaling transformation applied to a function f(x) of a single variable. Profiles are

and therefore the scale transformation preserves the property of a

relative maximum or minimum. A similar relation holds for inflection
points defined by vanishing of the second derivative.
form

The scale transformation of the time and space coordinates of the
X =

T

ty =

®)

4)
with constant scale factor o, applied to some function f(x, t) results in the
transformed function f,(x, t) defined by

fo(x, 1) = (X, t5).

The inverse transformation is defined by

®
fix, t) = fu(ox, ot).

The function f may correspond, for example, to field variables such as

(N
solute concentrations, mineral volume fractions, temperature, and pres-
sure. As an example, consider the function ¢(x, t) defined by the equation

bo
————(vot — X) (Vit £ X < Vot)
dx, 1) = J(va — V)t
0 .

otherwise

3

(8)
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Fig. 2. Illustration of a traveling wave. The traveling wave is invariant under a scale
transformation of both the space and time coordinates.

where &, v, and vy are constants. The function ¢(x, t) represents a
traveling wave as illustrated in figure 2 for two different times, t; and t,.
As defined, clearly ¢ satisfies the scaling relation

b(0x, ot) = d(x, 1), )

and thus is invariant under a scale transformation. Another interesting
feature of the function ¢ is the transformation property of the function
giving the position of a constant value of ¢ with time. This function,
denoted by I(t), is defined implicitly by the relation

$((t), ) = &, = constant. (10)
It follows that I(t) is given explicitly by the expression
¢1 ¢1 }
I(t) = —vi|t. 11
( ) |:( d)O d)() Vi ( )

The velocity at which this point moves is given by

dl
vl=a=[(l —%:))v2+%)vl]. (12)

)
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From these relations the scaling propertles of I(t) and v, follow given by
the expressions:

I(at) = ol(t), (13)
and

vi(ot) = v|(t) = constant. (14)

This simple example is useful for investigating the scaling properties of
chemical reaction fronts as demonstrated below.

Application of the scaling relations to the non-reactive mass trans-
port equation is presented in app. A. In what follows it is assumed that the
reader is familiar with the general form of the reactive mass transport
equations. Before proceeding to the general case of the transport equa-
tions in an open system, first the simpler case of a closed system is
considered.

Closed System

The mass transfer equations for a well-mixed, closed system may be
expressed in the form

= é;lqmlm, (15)

and

dn,,

' T L, (16)
for aqueous species and minerals, respectively. In these equations n,, and
I, denote the number of moles and reaction rate, respectively, of the mth
mlneral ¥, denotes the generallzed concentration of the jth primary
species with concentration C ;» defined by

%=q+24mb (17)

where the subscript i refers to aqueous complexes with concentration C;,
and vilrefers to the corresponding stoichiometric reaction coeflicients. It
. i e ey .

is assumed that local equilibrium holds within the aqueous phase with the
concentrations of aqueous complexes related to concentrations of the
primary species by mass action equations. The quantity v;,, denotes the
stoichiometric coeflicient for reaction of the mth mineral with the aque-
ous solution. These equations are subject to the initial conditions

¥(0) = ¥, (18)
and

nm(d) = n?n. (19)

s
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In a kinetic representation of mineral reactions the reaction rate I, is
specified as some known function of the concentrations of the primary
species, which are used to characterize the system. The basic requirement
that must be satisfied by the rate law is that the reaction rate tend toward
zero as equilibrium is approached. One form for the kinetic rate of
mineral reactions consistent with transition state theory (Aagaard and
Helgeson, 1982) is given by

Ly = —kpsu{l — exp[—A,/RT]}, (20)

where k,, denotes the kinetic rate constant, s,, denotes the reacting
surface area, A, denotes the chemical affinity, and R and T denote the
gas constant and temperature, respectively. The quantity in curly brack-
ets containing the affinity in the rate expression ensures that the reaction
rate vanishes at equilibrium. The rate is taken as positive for precipitation
and negative for dissolution, with units of moles per unit volume per unit
time. An essential feature of the rate law regarding the scaling properties
of the solution is its linear dependence on the kinetic rate constant.

Scaling the time coordinate according to eq (5) leads to the trans-
formed equations

dw;
1O = 0 2 Vinln; 21)

and

dn
dt,

m

= ol,,. (22)
. .
Noting that the kinetic rate 1,, is proportional to the kinetic rate constants
km, the scaled equations are identical in form to eqs (15) and (16) if k,, is
replaced by ok, for all reacting minerals. Consequently, because the
initial and boundary conditions are invariant under the scale transforma-
tion, these equations must have solutions identical to the original equa-
tions, and therefore it follows that ¥(t; {k}) scales with time according to
the relation

Vo7t ofk}) = Wy(t; {K)), (23)

with afk} = {gk,, . . ., oky] or, alternatively
V,(t; ofk}) = ¥i(ot; {k}). (24)

A similar result holds for the function n,(t). Therefore if a solution is
known for one set of kinetic rate constants, it can be obtained for any
other set that preserves their ratios, merely by scaling the time t. Thus the
reaction path followed by the system is identical for both sets of rate
constants; however, the velocity of the system point as it moves along the
path is greater the larger the rate constants. The sequence of secondary
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minerals formed, therefore, is also the same, only the times at which they
occur along the reaction path are different related by the scale factor.

Changing the relative values of the rate constants leads, in general,
to a different reaction path and may involve formation of different
secondary minerals. However, because the system is closed, the final
equilibrium state of the system is a function only of its initial state and
must be independent of the particular reaction path taken by the system
and hence the kinetic rate constants.

Open System

In an open system involving advective and diffusive mass transport,
the equations describing the system are given by

2 o) a—J = 2 Vinla, (25)

for solute species, where denotes the generalized flux consisting of

contributions from advection and diffusion defined by
oY,
;= -46D " + u¥;, (26)

where D denotes the diffusion coefficient considered to be the same for
all species, for simplicity, and u designates the Darcy velocity, in general a
function of time and distance, and

. o=Vl (27)

for minerals (for more details, see Lichtner, 1985, 1992). These equations
are based on a continuum representation of a porous medium. Defini-
tions of the variables used in these equations can be found in the list of
symbols.

The transport equations are subject to initial conditions specifying
the modal composition of the unreacted rock, the composition of the
fluid occupying the pore spaces at t = 0, and boundary conditions
specifying the composition of the fluid entering the porous medium at
the inlet. The initial fluid composmon is specified by the quantity ¥
according to the equation

¥i(x, 0) = ¥, (28)
and the initial modal composition of the host rock by ¢2, according to

dm(x, 0) = &y, (29)

The composition of the fluid at the inlet specified by \I’0 is defined
through the boundary condition

‘Ifj(O,‘t) =v). (30)



