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We now consider what the topography would contribute to
the longitude term, which is proportional to

cos? ¢ cos 2(A —A,).

No compensation.

Lambert-Prey Mader
c 0.000026 0.000022
ca 170 meters 134 meters
Ao 95° E. 98° E.

Uniform compensation at depth of 100 km.

Lambert-Prey Mader
c 0.00000043 0.00000033
ca 2.6 meters 2.0 meters
Ao 95° E. 99° E,

In comparing the values of A, with those in Table II it should
be noted that a change of 90° in A, means a change of 180° in
2 A, and so a reversal of the effect. This reversal seems to
occur since an average value of A, is about 0° and A, for the
topography is 95°. This fact was at once noted and caused
considerable surprise. The greatest value of gravity occurs
at places where, to judge by the topography, a smaller value
of gravity would be expected. The amount—for such an
apparently widespread inequality—is also rather surprising.

It was at first argued by some that the longitude term was
fictitious, a consequence of the isostatic method of reduction.
This conclusion is quite untenable: (1) since Helmert, Ber-
roth, and Hirvonen used the free-air method, not the isostatic,
and found the same general result as the others; (2) compu-
tation shows that the effect of the isostatic reduction is too
small to affect the general character of the term; (3) there is
some confirmation by methods not depending on gravity
observations.

On the showing so far made the existence of the longitude
term in the gravity formula seems fairly well proved, although
there is still much uncertainty as to the exact value of the dis-
posable constants, ¢ and A,. Jeffreys(39), however, raised the
question whether systematic regional variations in gravity
might not greatly impair the accuracy of the determinations
of the longitude term or indeed tend to introduce a largely
fictitious term.

These regional variations would be expressed mathematically
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by harmonics of higher degrees. If the gravity observations
were distributed over the earth with a fair degree of uniformity,
the presence of harmonics of higher degrees would not seriously
impair the accuracy of determinations of harmonics of low
degree. But the distribution of gravity observations is far
from uniform. Observations in the Southern Hemisphere are
particularly lacking.

On the basis of preliminary computations, Jeffreys concluded
that these regional variations were so large that harmonic terms
up to at least degree six should be included and that it was
hardly worth while to try to find the longitude term.

In a later discussion, however, Jeffreys(40) (44) analyses
the observations and concludes that the longitude term is
real, although its numerical value is more uncertain than
Heiskanen’s estimates of error would make it.

Jeffrey’s value for ¢ is smaller than any value in Table
II on page 379 except Berroth’s and Hirvonen’s. Jeffreys’
investigations, however, indicate the existence of other har-
monic longitude terms which, given the actual uneven distribu-
tion of gravity stations with those in the Southern Hemisphere
almost entirely lacking, might simulate the effect of a longitude
term of the type here considered and, when omitted, make ¢
appear to be larger than it really is.

The column headed “Load= 1?0- ca’ 1s the coefficient of the

thickness of surface rock of density equal to one-half the mean
density of the earth® that is needed to produce the longitude
term in gravity and the triaxial figure of the earth. The
thickness, positive or negative, at any point (¢, A) is

10

ca cos® @ cos 2(A —Xg) ciiiiiiiiinnnnn (20)

The mass of the load standing on unit area, that is, the
pressure per unit area, is the important thing; the result is
stated in terms of a rock column of ordinary density merely for
concreteness. The pressure in dynes/cm.? is obtained by mul-
tiplying the thickness given by expression (20) by g, the accel-
eration of gravity in gals, and by 2.76, the assumed density.
If we think of the load applied to an ellipsoid of revolution
that is also a level surface, the load disturbs this level surface,

® Mean density of earth=>5.62. One-half of this, or 2.76, is slightly greater
than the density of granite.
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changing it into a triaxial surface, but the disturbed level does
not rise to the height nor sink to the depth of the layer of
disturbing mass. This type of loading, a loading proportional
in thickness to the spherical harmonic disturbance of level,
produces the effect sought with the help of as little rearrange-
ment of mass as possible. Other rearrangements of mass might
produce the effect sought—plus other effects, unknown or
undesired—»but the amount of matter involved would be greater.

For instance, it has becn noted that there is a tendency for
gravity at sea to be greater than gravity on land. It is
natural, therefore, to inquire whether the longitude term might
not be due to a general excess of gravity at sea as compared
with gravity for the corresponding latitudes on land.

The longitude term could be so produced, but the excess at
sea would be beyond all reason. To produce the longitude
term would require, in addition to the excess mass beneath the
oceans implied by the theory of isostasy, additional matter
equivalent to the replacement of all the ocean water by very
heavy rock. This would mean a general excess at sea beyond
anything that has been observed, plus other disturbing effects,
for instance in the harmonic that expresses the non-coincidence
of the axis of rotation with the axis of figure.

On the related problems of the distribution of land and water
on the earth and the relation of gravity anomalies to the major
features of this distribution, only odds and ends of hypotheses
and conclusions are available. For an attack on the second
problem we need an analysis of the sort made by Hill(28) but
carried to harmonic terms of higher degree, so as to compare
them with the corresponding terms of Prey’s(25) expansion of
continental heights and oceanic depths. But for this many
more observations of gravity are needed, observations more uni-
formly distributed over the globe; at present observations in
the Southern Hemisphere are very few indeed.

Jeffreys’(40) conclusions from his most recent investiga-
tions are stated as follows: “Now Prey computed in 1922
coefficients which give the representation of the Earth’s figure'
by spherical harmonics up to degree 16, and from his results'
it follows that there is practically no relation between mean
height and gravity anomaly for inequalities with horizontal

10 “Figure” is to be taken in the sense of physical surface.
11 The words “when taken in connection with this investigation” are to
be understood. W. D. L.
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ranges of about 30°. Thus, the hypothesis of complete compen-
sation must be abandoned. To explain the distribution of grav-
ity an internal interface seems to be required, whose height has
a negative correlation with that of the outer surface. We have,
in fact, strong evidence that isostasy is not exact, and are led
to some thing of the type of Glennie’s “crustal warping.”

The problem of the distribution of continents and oceans
over the face of the globe appears nearly insoluble at present.
The longitude term in the gravity formula can be connected
with a geophysical speculation that at one time found con-
siderable favor, Darwin’s theory of the origin of the moon by
the rupture of an original earth-moon mass caused by the res-
onance effect of huge solar tides. If the mass that is now the
moon broke off from what is now the central Pacific area and
if the remaining mass that formed the earth was elongated
along the corresponding meridian plane in the process, the tri-
axial form of the earth and the longitude term in gravity
would result. This assumes that the earth has been stiff
enough to retain through the ages some traces of the resulting
elongated form. This is mentioned in passing as an interesting
speculation.

Love(41), in attempting to represent the broad outlines of
the topography by means of spherical harmonics, noticed the
prominence of harmonics of the third degree in comparison with
those of the first and second and suggested that this might be
due to a kind of gravitational instability. However, Prey’s
(25) figures do not-quite confirm Love’s estimate of the relative
size of the third-degree harmonics and Love himself char-
acterized his own suggested explanation as “rather remote”;
so the idea is merely mentioned here.

. 10
To estimate the stresses due to the load 3 ca let us adopt

10

3
expressed in centimeters by the assumed density 2.76 and by
the acceleration of gravity, 0.98X10% gals, we have for the
pressure of the load in ¢ g s units

a value of ca equal to 100 meters. Multiplying ca

0.90 X 108 dynes/cm?.

This would be the load at a point on the equator in longitude
Ay and A;+180°. In longitudes A,=90° the load would be of
equal magnitude but negative.
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Deep-lying matter within the earth is subject to great stress
from all sides. We cannot measure the liability of this mate-
-rial to fail under the stress by the magnitude of the stress
itself ; it is generally agreed that the stress-difference is the
best available measure of liability to failure. In trying to
estimate the maximum stress-difference at various points within
the earth we encounter the mathematical difficulty that the
maximum difference does not always pertain to to the same pair
of stresses; now one pair of stresses and now another may give
the maximum difference.

There is no very satisfactory mathematical theory of the
stress-differences caused by a surface load such as is implied
by a longitude term on a body like the earth. Darwin(42)
computed the maximum stress-difference for a series of alter-
nating mountains and valleys of uniform height and depth and
of indefinite extent in the direction of the chains. He found
it to be 0.736 times the maximum load positive or negative, or
in the present case 0.736%0.90X10® dynes/cm?®=0.66X10°
dynes/cm®.  Jeffreys(43) with slightly different assumptions
found a factor 0.68 instead of 0.736.

Darwin also computes incidentally the stress due to a longi-
tude term corresponding to a triaxial ellipsoid deduced by
Clarke from triangulation. I am not quite satisfied that
Darwin’s argument is strictly applicable but, at any rate, his
figures, when reduced from Clarke’s ca="762 feet to the case
ca=100 meters here considered, give as the maximum stress-
difference only 0.19X10°® dynes/cm®.

Darwin’s computations are based on the assumption of a
uniform solid earth. If we have a liquid core of radius approx-
imately half that of the earth, or still more, if the strength is
negligibly small below depths where deep-focus earthquakes
occur, then still greater demands must be made on the strength
of the crust near the surface, if the load represented by a
longitude term is to be supported. Jeffreys(46) has treated
these cases in a recent paper with special reference to the
longitude term and other harmonic terms for the reality of
which there seems to be some evidence. He assumes in one case
for the radius of the fluid core 0.545 of the earth’s radius; in
the other case he assumes fluidity up to 0.9 of the radius. The
remaining 0.1 of the radius, or 637 km, is about the depth
down to which deep-focus earthquakes have been observed.

To make Jeffreys’ results comparable with those previously
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given, they have been multiplied by 100/78, the ratio of the
value of ca here assumed and the value determined' from
Jeffreys’ paper(44). Repeating for purposes of comparison
some of the figures already given we have the following table.

Tasre III. .

Stress-Differences due to a Maximum Load of 333 meters of Rock
corresponding to ca = 100 meters, ¢ &= 0.0000157.
Stress Difference

Earth treated as plane (Darwin) ............... ... 0.66 % 10° dynes/cm?
Earth treated as plane (Jeffreys)
Stresses minimized ......... .ol 0.61
Earth treated as solid sphere (Darwin) ............ 0.19
Earth with liquid core of radius 0.545a¢ (Jeffreys) ... 0.74
Earth with core of no strength, radius 0.9a ......... 1.72 ¢ 10° dynes/cm*

Except perhaps for the last case, the stress-differences may
be considered as of the same order of magnitude.

For comparison with the strength of common rock we have
for comparison the following figures for various kinds of rock.

TasLe IV.

Crushing Strength of Various Kinds of Rock.
Granite .........ciiiiiiiiiiel 14.5 ¥ 10® dynes/cm?
Marble ......ccieiiiiiiiiiiiinnans 10.0
Limestone .....cocoiviivinneinnnnss 9.4
Sandstone .....coiiiiiiiiiiiieiine, 7.2
Syenite ...l 19.2
Diorite ......iiiiiiiiiiiiiiiiiiaas 19.2
Gabbro ....... .. ciiiiiiiiiiiiee, 17.6
GReiss .....iiiiiiiiiiiiiiiiiiea 15.3 % 10° dynes /cm?

These figures are taken from Section 9 by Griggs in the
Handbook of Physical Constants edited by Birch, Schairer and
Spicer (45). The crushing strengths in the table are about ten
times the stress-differences due to a longitude term in the grav-
ity formula with ca=100 meters, but this does not necessarily
mean that the earth could support a longitude term about ten
times greater.

The whole Section 9 by Griggs is worth reading to show the
difficulties of any such comparison. Different specimens of the
same rock show widely different crushing strengths. Crush-
ing strength measured under the conditions of an ordinary
engineering test is not at all the same thing as the limiting
strength of a volume of rock deep in the earth. Confining
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pressure, whether by a steel jacket or by a surrounding liquid,
greatly increases the strength; the other tables in Section 9
bring this out clearly. Against this is to be set the effect of
temperatures higher than those available in the laboratory
and the whole troublesome question of possible flow under long-
continued stresses and of viscosity.

Whatever the explanation, the fact seems to be that the
longitude term is real, though almost certainly smaller than
the larger values given in Table II. Other harmonic terms of
about the same order of magnitude seem to be equally real,
though lack of data has prevented any accurate determina-
tion of their numerical values. They do not appear to be
closely correlated with the general shape of the lithosphere.
The stress-differences implied by the longitude terms and by
other similar terms are well under the crushing strength of
surface rocks, though any precise numerical comparison of
these two kinds of stress would be misleading. The most con-
vincing comparison is that great mountain masses like the Alps,
the Andes and the Himalayas are supported by the strength of
the crust and that the stresses involved are many times those
due to a load of 333 meters of rock corresponding to ca=100
meters. This comparison avoids, however, the troublesome
question of the depths at which maximum stress-differences
occur.

A valuable but little known collection of gravity data, espe-
cially useful for previously unpublished data for Russia and
Siberia, is that of N. F. Zhuravlev. The English title of the
memoir, which is in Russian, is: “Determination of the Flatten-
ing of the Earth Spheroid according to gravimetrical Deter-
minations.” It forms Vol. XIV, Part 2, of the Publications
of the Sternberg State Astronomical Institute of Moscow.
(1940).

Zhuravlev discusses the gravity observations with various
weightings and groupings of the data and reaches results not
very different from the International Gravity Formula.

In particular he obtains a special formula for each of 14
different meridians of longitude, each formula being based only
on stations lying near the corresponding meridian. These
formulas vary widely among themselves and Zhuravlev believes
that their variations do not suggest the presence of a longitude
term of the usual type but merely regional irregularities.

However, I have tried to represent Zhuravlev’s results for
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the various meridians by a longitude term and find that the
constants of such a term are determined with probable errors
of only a fraction of the constants themselves, so the indications
are that the longitude term is real. My results are:

Using all 14 meridians

¢=27.6 units of the sixth decimal
A,=—25°
ca=176 meters

This happens to be exactly the result of Heiskanen, 1938, in
Table II. The reciprocal of the flattening, however, is 295.2
against Heiskanen’s 297.8.

Omitting the meridian of 240° E., which stands out markedly
from the rest

¢=21.8 units of the sixth decimal
Xo= —28°
ca=139 meters.

The reciprocal of the flattening is 295.1.

These figures do not represent the best longitude terms that
could be derived from the aggregate of Zhuravlev’s data. They
were derived by short-cut methods that can not give any indi-
cation of other harmonic terms, such as Jeffreys derived. They
do, however, suggest that the principal longitude term is real,
though its amount is still rather uncertain.
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